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FUNCTORS THAT COMMUTE WITH DIRECT AND
INVERSE LIMITS
R. GARCI´A-DELGADO
Abstract. In the first part of this paper, we study additive func-
tors that commute with direct and inverse limits. We prove that,
under some conditions, such functors are trivial. In the second
part, we state conditions for a covariant half exact functor to com-
mute with direct limits, based on its first left satellite functor.
Introduction
The main examples of funtors that commute with direct and inverse
limits are ⊗Λ and HomΛ, just as the left derived functors Tor
λ
n for ⊗Λ
(see [2], Prop 9.2, chapter V, §9 and Prop. 1.3, chapter VI, §1). The
commutating properties in some canonical functors, provide important
information about the module and subcategories arising from the mod-
ule category. For instance, H. Lenzning proved that a right Λ-module
M is finitely presented if and only if the functor HomΛ(M, ·), preserves
direct limits (see [3]). Similarly, in [1], is proved Ext1Λ(M, ·) commutes
with inverse limits if and only if M is projective. Follow this ideas,
in this work we prove that if a functor acts trivially in any Λ-quotient
(resp. Λ-ideal) and commutes with direct limits (resp. inverse limits),
then the functor is trivial (see Thm. 2.1).
On the other hand, it is a well known result that for a right extact
functor T , its left satellite S1T coincides with the left derived funtor
LT of T . Further, if the functor T is left balanced, i.e., when any
of the covariant (resp. contravariant) variables of T is replaced for
projective module (injective modules), T becomes an exact functor of
the remaining variables, then the left derived functor can be determined
as a the left satellite of any of the variables. It is a classical result that
for a direct system of modules {Aα, ϕαβ}, over a partially directed set
Ω, there exists direct system of modules {P α, φαβ}, such that P
α is a
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projective module of Aα and lim−→P
α is a projective module over lim−→A
α
(see Lemma 9.5, [2], Chapter V §9). Inspired on this result, in Thm.
2.2, we state necessary and sufficient conditions on a functor T , to
commute with direct limits based on its first left satellite S1T .
1. Direct and inverse limits of modules
Definition 1.1. Let Λ be a ring and let {Aα | α ∈ Ω} be an indexed
family of Λ-modules by a set Ω. The direct product
∏
α∈Ω
Aα, is
the set defined by:∏
α∈Ω
Aα =
{
f : Ω→
⋃
α∈Ω
Aα | f(α) ∈ Aα, ∀α ∈ Ω
}
.
The direct product
∏
α∈ΩAα is a left Λ-module with coordinatewise
addition and left scalar multiplication. The direct sum ⊕αAα is the
Λ-submodule of
∏
α∈ΩAα, given by:⊕
α∈Ω
Aα =
{
f ∈
∏
α∈Ω
Aα | f(α) = 0, except in a finit number
}
.
Any element f ∈
∏
γ∈ΩAγ can be written as f = (xγ)γ∈Ω, where f(γ) =
xγ ∈ Aγ, for all γ ∈ Ω. In addition, for each α ∈ Ω, there is a map
pα :
∏
γ∈ΩAγ → Aα, given by
pα(f) = pα((xγ)γ∈Ω) = xα = f(α),
for all f = (xγ)γ∈Ω ∈
∏
α∈ΩAγ . Note that pα is a surjective Λ-
homomorphism.
Similarly, for each α ∈ Ω, we define the map cα : Aα →
⊕
γ∈ΩAγ,
by cα(x)(β) = δα,β x, for all β ∈ Ω. It is clear that c
α is an injective
Λ-homomorphism. Observe that any f ∈
⊕
α∈ΩAα, can be written as:
f =
∑
α∈Ω
cα(f(α)).
Definition 1.2. A partially ordered set Ω is a directed set if for any
α, β ∈ Ω, there exists γ ∈ Ω such that γ ≥ α and γ ≥ β.
Definition 1.3. Let Ω be an ordered partially set. A direct system
of Λ-modules over Ω is an ordered pair {Aα;ϕβα}, consisting on an
index family of Λ-modules {Aα | α ∈ Ω}, together with a family of
homomorphisms {ϕβα : A
α → Aβ}, with α ≤ β, such that ϕαα = IdAα
and ϕγα = ϕ
γ
β ◦ ϕ
β
α, for all α ≤ β ≤ γ, i.e., the following diagram is
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commutative:
Aα
ϕαβ !!❈
❈❈
❈❈
❈❈
❈
ϕαγ // Aγ
Aβ
ϕ
β
γ
==④④④④④④④④
Definition 1.4. Let Ω be a partially ordered set and let {Aα, ϕαβ} be
a direct system of Λ-modules over Ω. The direct limit (also called
inductive limit or colimit), is a Λ-module lim−→A
α and a family of
Λ-maps {σα : Aα → lim−→A
γ | α ∈ Ω}, such that:
(i) σβ ◦ ϕαβ = σ
α, whenever α ≤ β.
(ii) For every Λ-module X having maps fα : Aα → X , satisfying
fβ ◦ ϕαβ = f
α, for all α ≤ β, there exists a unique map θ :
lim−→A
α → X , such that θ ◦ σα = fα, for all α ∈ Ω, i.e., the
following diagram is commutative:
(1) lim−→A
γ θ // X
Mα
σα
cc●●●●●●● fα
>>⑥⑥⑥⑥⑥⑥⑥⑥⑥
Let Ω be a partially ordered set and let {Aα, ϕαβ} be a direct system of
Λ-modules over Ω. We define the Λ-submodule N , of ⊕α∈ΩA
α, as:
N = SpanΛ{c
β(ϕαβ(x))− c
α(x) | x ∈ Aα, α ≤ β}.
It is not difficult to prove that the quotient ⊕α∈ΩA
α/N and the maps
σα : Aα → ⊕γ∈ΩA
γ/N , defined by σα(x) = cα(x) + N , for any α ∈ Ω,
are solutions to the diagram (1). Therefore, lim−→A
α = ⊕α∈ΩA
α/N . This
proves the following basic result (see [4], Prop. 7.94):
Proposition 1.5. The direct limit of any direct system {Aα, ϕαβ} of
Λ-modules over a partially ordered index set Ω, exists.
The following result, gives information about the elements of a direct
limit of modules (see [4], Prop. 7.98).
Proposition 1.6. Let {Aα, ϕαβ} be a direct system of left Λ-modules
over a directed index set Ω, and let cα : Aα → ⊕γA
γ be the α-th
injection, so that lim−→A
α = ⊕α∈ΩA
α/N , where:
N = SpanΛ{c
β(ϕαβ(x))− c
α(x) | x ∈ Aα, α ≤ β}.
(i) Each element of lim−→A
α, has a representative of the form cα(a)+
N , for some a ∈ Aα(instead of
∑
α c
α(aα) +N).
(ii) cα(a) +N = 0 if and only if ϕαβ(a) = 0, for some β ≥ α.
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Definition 1.7. Let {Aα, ϕαβ} be a direct system of Λ-modules. Let
σα : Aα → lim−→A
γ be the canonical map defined by σα(a) = cα(a) +
N , for all a ∈ Aα and α ∈ Ω. Let T : ModΛ → ModΛ1 be a one
variable covariant functor. Then, {T (Aα);T (ϕαβ)} is a direct system
of Λ1-modules. There exists the Λ1-homomorphism σ̂ : lim−→T (A
α) →
T (lim−→A
α), given by σ̂(cα(x)+N) = T (σα)(x). The functor T is of the
type LΣ∗ if σ̂ is an isomorphism.
Definition 1.8. Let Ω be an ordered partially set. An inverse system
of Λ-modules over Ω is an ordered pair {Aα;ψ
β
α}, consisting on an
index family of Λ-modules {Aα | α ∈ Ω}, together with a family of
homomorphisms {ψβα : Aβ → Aα}, with α ≤ β, such that ψ
α
α = IdAα
and ψγα = ψ
β
α ◦ ψ
γ
β , for all α ≤ β ≤ γ., i.e., the following diagram
commutes:
Aγ
ψ
γ
β   ❆
❆❆
❆❆
❆❆
❆
ψ
γ
α // Aα
Aβ
ψ
β
α
>>⑥⑥⑥⑥⑥⑥⑥⑥
Definition 1.9. Let Ω be a partially ordered set and let {Aα, ψ
β
α} be
an inverse system of Λ-modules over Ω. The inverse limit (also called
projective limit or limit) is a Λ-module lim←−Aα and a family of Λ of
Λ-maps {ξα : lim←−Aγ → Aα}, such that:
(i) ψβα ◦ ξβ = ξα, whenever α ≤ β.
(ii) For every module X having maps fα : X → Aα, satisfying
ψβα ◦ fβ = fα, for all α ≤ β, there exists a unique map θ : X →
lim←−Aα, such that ξα ◦ θ = fα, for all x ∈ Ω, i.e., the following
diagram commutes:
(2) X
fα ❄
❄❄
❄❄
❄❄
❄❄
θ // lim←−Aγ
ξα
||②②
②②
②②
②②
Aα
We define the submodule L of the direct product Πα∈ΩAα, as follows:
L = {(aα)Πα∈ΩAα | aα = ψ
β
α(aβ), α ≤ β}.
Let ξα = pα|L, where pα : Πγ∈ΩAγ → Aα is the projection onto Aα.
Then, L and the maps ξα, with α ∈ Ω, are solutions to the diagram
(2). This proves the following basic result (see [4], Prop. 7.90):
Proposition 1.10. The inverse limit of any inverse system {Aα, ψ
β
α}
of Λ-modules over a partially ordered set Ω, exists.
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Definition 1.11. Let {Aα, ψ
α
β} be an inverse system of Λ-modules over
a partially ordered set Ω. Let ξα : lim←−Aγ → Aα be the canonical map
given by ξα((aγ)γ∈Ω) = aα, for all (aγ)γ∈Ω ∈ lim←−Aγ . Let T : ModΛ →
ModΛ1 be a one variable covariant funtor. Then, {T (Aα);T (ψ
α
β )} is
an inverse system of Λ1-modules. There exists the Λ1-homomorphism
ξ̂ : T (lim←−Aα) → lim←−T (Aα), given by ξ̂(x) = (T (ξα(x))α∈Ω), for all
x ∈ T (A). The functor T is of the type RΣ∗ if ξ̂ is an isomorphism.
Remark 1.12. The corresponding definitions for contravariant func-
tors of the type LΣ∗ and RΣ∗, only reverse the arrows in σ̂ and ξ̂,
respectively.
2. Funtors that commute with direct and inverse limits
Theorem 2.1. Let T be a one variable functor.
(i) If T is a covariant half exact funtor of the type LΣ∗, i.e. com-
mutes with direct limits, and T (Λ/I) = 0 for each left ideal I
of Λ, then T = 0.
(ii) If T is a contravariant left exact funtor of the type RΣ∗, i.e.
commutes with inverse limits and T (I) = 0 for each left ideal I
of Λ, then T (M) = 0, for any left Λ-module M .
Proof. (i) Let A be a left Λ-module and a ∈ A. The Λ-homomorphism
Λ → 〈a〉, λ → λa, for all λ ∈ Λ, is surjective and Ker(Λ → 〈a〉) =
annΛ(a). Then, we have the following short exact sequence:
0 // annΛ(a) // Λ // 〈a〉 // 0.
It is clear that annΛ(a) = Ker(Λ → 〈a〉) is a left ideal of Λ such that
Λ/ annΛ(a) is isomorphic to 〈a〉. Applying the functor T we obtain
T (〈a〉) ≃ T (Λ/ annΛ(a)) = 0 for all a ∈ A.
Let Ω ∈ Ord be an ordinal such that there exists a bijection ν : Ω→ A.
For an element a ∈ A, we write a = aα if ν(α) = a with α ∈ Ω. For
any α ∈ Ω, we define the following Λ-submodule of M :
A0 = 0,
Aα =
{ ℓ∑
k=1
λkaαk | λk ∈ Λ, αk < α, ℓ ∈ Z+
}
, α > 0.
It is clear that if α ≤ β, then Aα ⊆ Aβ. Observe that,
Aα+1/Aα = {λaα + A
α | λ ∈ Λ}, ∀α ∈ Ω.
The assignment Λ → Aα+1/Aα, λ 7→ λaα + A
α, is a surjective Λ-
homomorphism. Then, there exists an ideal I of Λ, such that Λ/I ≃
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Aα+1/Aα. Applying the functor T and considering the hypothesis, we
have T (Aα+1/Aα) = 0, for all α ∈ Ω. It is clear to see that A1 = 〈a0〉,
and T (A1) = 0. Applying the functor T to the short exact sequence:
0 // A1 // A2 // A2/A1 // 0,
one obtain that the sequence 0 → T (A2) → 0, is exact, from we con-
clude that T (A2) = 0. In general, if T (Aα) = 0, then, from the short
exact sequence:
0 // Aα // Aα+1 // Aα+1/Aα // 0,
by applying the functor T , we obtain T (Aα+1) = 0. Suppose there
exists an element α ∈ Ω for which T (Aα) 6= {0}. Let γ ∈ Ω be
the minimal element satisfying T (Aγ) 6= 0, then γ > 1. If γ has an
immediately predecessor β, by applying the functor T to the following
short exact sequence:
0 // Aβ // Aγ // Aγ/Aβ // 0,
and considering the hypothesis, we obtain T (Aγ) = 0, a contradiction.
This lead us to consider γ as an ordinal limit, i.e.,
γ =
⋃
α<γ
α.
It is clear that γ can be considered as a directed set. Let α ≤ β ≤ γ, we
define ϕαβ : A
α → Aβ as the inclusion. Therefore, the pair {Aα, ϕαβ |α ≤
β < γ}, is a direct system, which guarantees the existence of the direct
limit lim−→A
α. We claim that lim−→A
α is isomorphic, as a Λ-module, to Aγ.
Indeed, let us consider the direct sum
⊕
α<γ
Aα:
⊕
α<γ
Aα =
{
f : γ →
⋃
α<γ
Aα | f(α) ∈ Aα, f(α) = 0, except in a finit number.
}
Let consider the coordinate functions cα : Aα →
⊕
β∈γ
Aβ , defined by
x ∈ Aα ⇒ cα(x) : γ →
⋃
β<γ
Aβ
cα(x)(β) =
{
0, if α 6= β,
x, if α = β.
∀x ∈ Aα, ∀β < γ.
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Then, any element f ∈
⊕
α<γ
Aα, can be written as a finite sum of the
form
f =
∑
α<γ
cα(f(α)).
We define a map Φγ :
⊕
α<γ
Aα → Aγ, by the assignment:
Φ(f) =
∑
α<γ
ϕαγ (f(α)), ∀f ∈
⊕
α<γ
Mα.
Let xγ ∈ A
γ . There are λj ∈ Λ, aαj ∈ A
αj , with αj < γ and j =
1, . . . , ℓ, such that xγ = λ1aα1 + . . . + λℓaαℓ . We define the map f ∈⊕
α<γ
Aα by f = cα1(λ1aα1) + . . . + c
αℓ(λℓaαℓ). Then, Φ(f) = xγ , which
shows that Φ is surjective.
Let us define the following Λ-submodule of
⊕
α<γ
Aα:
Nγ = 〈c
β(ϕαβ(xα))− c
α(xα) | xα ∈ A
α, α ≤ β〉.
Then
Φ(cβ(ϕ
α
β(xα))− c
α(xα)) = Φ(c
β(ϕαβ(xα)))− Φ(c
α(xα)))
= ϕβγ(ϕ
α
β(xα))− ϕ
α
γ (xα) = ϕ
α
γ (xα)− ϕ
α
γ (xα)
= 0.
This shows that Nγ ⊂ Ker(Φ). This induce a Λ-homomorphism
Φ˜ : lim−→A
α =
⊕
α<γ
Aα/Nγ → A
γ.
We already know that Φ˜ is surjective. We shall to prove that Φ˜ is
injective. Let f ∈ Ker(Φ˜). There exists xα ∈ A
α, such that f =
δα(xα) + Nγ . Then, 0 = Φ˜(f) = ϕ
α
γ (xα). Therefore, f = 0 and Φ˜
is injective. This proves that lim−→A
α is isomorphic to Aγ . Applying
the functor T and considering that T commutes with direct limits, we
obtain the following:
T (Aγ) ≃ T (lim−→A
α) ≃ lim−→T (A
α) = 0.
Because T (Aα) = 0 for all α < γ. This contradicts our assumption that
γ is the minimal element for which T (Aγ) 6= 0. Therefore, T (Aα) = 0
for all α. Now we claim that T (A) = 0. Observe that the correspon-
dence cα(aα) +N 7→ aα, gives an isomorphism between lim−→A
α and A.
Thus, T (lim−→A
α) and T (A) are isomorphic Λ1-modules. Since lim−→T (A
α)
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is isomorphic to T (lim−→A
α), it follows that lim−→T (A
α) is isomorphic to
T (A). But T (Aα) = 0 for all α ∈ Ω, then T (A) = 0.
(ii) Let A be a left Λ-module. Let Ω be the ordinal for which there
exists a bijection ν : Ω → A. In according with the convention stated
in (i), we write ν(α) = aα ∈ A, for all α ∈ Ω. For α ∈ Ω, we define the
following left Λ-submodules of A:
Aα =
{ ℓ∑
k=1
λkaαk | λk ∈ Λ, α ≤ αk, ℓ ∈ Z+
}
, α > 0,
A0 = A.
For β ≥ α, we have Aβ ⊆ Aα. We consider the Λ-homomorphism
ψβα : Aβ → Aα as the inclusion map. It is clear that {Aα, ψ
β
α} is an
inverse system of Λ-modules. We claim that lim←−Aα is isomorphic to
the intersection
⋂
α∈Ω
Aα. Observe that
lim←−Aγ = {(xγ)γ∈Ω ∈ Πγ∈ΩAγ | ψ
β
α(xβ) = xα, ∀α ≤ β}.
For any (xγ)γ∈Ω ∈ lim←−Aα, we have xα = xβ , for all α, β ∈ Ω. Indeed,
if α ≤ β, this is clear for the definition of inverse limit. If β ≤ α, then
Aα ⊂ Aβ and xα = ψ
α
β (xα) = xβ . From this, it follows that xα ∈
⋂
β∈Ω
Aβ,
for all α ∈ Ω. Let us consider the map (xγ)γ∈Ω 7→ xα, between lim←−Aγ
and
⋂
γ∈Ω
Aγ . Let x ∈
⋂
γ∈Ω
Aγ and consider the element (xγ)γ∈Ω ∈ lim←−Aγ,
given by xγ = x, for all γ ∈ Ω. Then (xγ)γ∈Ω 7→ x. This proves that
the map (xγ)γ∈Ω 7→ xα is surjective, from it we obtain our claim.
For each α ∈ Ω, we define the Λ-module Pα as the free module gen-
erated by Aα. Therefore, any element f ∈ Pα can be identified as a
function f : [α,Ω[→ Λ, such that f(β) 6= 0, for a finite number of
elements β’s in the interval [α,Ω[. Let ǫα : [α,Ω[→ Λ be the function
defined by ǫα(β) = δα,β, for all β ≥ α. Then, any f ∈ Pα can be written
as:
f =
∑
β≥α
f(β)ǫβ.
The map Φα : Pα → Aα, given by Φ(f) =
∑
β≥α f(β)aβ, is surjective.
For each α ∈ Ω, let ια : Ker(Φα) → Pα be the inclusion map. Then,
we have the following short exact sequence:
0 // Ker(Φα) // Pα // Aα // 0.
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Let α ≤ β and consider the map ηβα : Pβ → Pα, defined by
f ∈ Pβ ⇒ η
β
α(f) : [α,Ω[→ Λ,
ηβα(f)(γ) =
{
0, if α ≤ γ < β
f(γ) if β ≤ γ
Then, {Pα; η
β
α} is an inverse system of Λ-modules. Observe that the
following diagram is commutative:
(3) Pβ
Φβ

ηαβ // Aβ
ψ
β
α

P α
Φα // Aα
, ψβα ◦ Φβ = Φα ◦ η
α
β .
Now, we claim that lim←−Aα = 0. Let x ∈
⋂
γ∈ΩAγ. Then, for each
α ∈ Ω, there exists fα ∈ Pα, such that Φα(fα) = x. Let P
′ be the
following Λ-submodule of
⊕
γ∈Ω
Pγ:
P ′ = SpanΛ{c
α(fα) ∈
⊕
γ∈Ω
Pγ | Φα(fα) = Φβ(fβ), ∀α, β ∈ Ω}.
It is straightforward to verify that the map P ′ → lim←−Aα, c
α(fα) 7→
Φα(fα) is a surjective Λ-homomorphism. On the other hand, from (3),
it follows that ψβα(Φβ(fβ)) = Φα(η
β
α(fβ)) = Φα(fα), for all α, β ∈ Ω.
Then, there exists f ′ ∈ Ker(Φα), such that η
β
α(fβ) = fα+ f
′. Take α ≤
γ < β, then fα(γ) + f
′(γ) = 0. Since β and γ are arbitrary, it follows
that fα = −f
′ ∈ Ker(Φα). This proves that if fα satisfies c
α(fα) ∈ Pα,
then fα ∈ Ker(Φα). Therefore,
⋂
γ∈ΩAγ = 0, consequently lim←−Aα = 0.
Let consider the modules Aα/Aα+1 and the maps τ
β
α : Aβ/Aβ+1 →
Aα/Aα+1, defined by τ
β
α (x+ Aβ+1) = x+ Aα+1, for all x ∈ Aβ and for
all α ≤ β. We claim that lim←−Aα/Aα+1 = 0. Let (xα + Aα+1)α∈Ω ∈
Πα∈ΩAα/Aα+1, then τ
β
α (xβ + Aβ+1) = xα + Aα+1, for all α ≤ β. In
particular, for β > α, we have β ≥ α + 1 and Aβ ⊆ Aα+1. Then,
xβ + Aα+1 = τ
β
α (xβ + Aβ+1) = 0. Therefore, (xα + Aα+1)α∈Ω = 0 and
lim←−Aα/Aα+1 = 0.
On the other hand, observe that Aα/Aα+1 = {λaα + Aα+1 | λ ∈ Λ}.
Then, we have the surjective map σα : Λ→ Aα/Aα+1, given by σα(λ) =
λaα + Aα+1, for all λ ∈ Λ. Thus, we obtain the following short exact
sequence:
0 // Ker(σα) // Λ // Aα/Aα+1 // 0, ∀α ∈ Ω ,
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where Ker(σα) = {λ ∈ Λ | λaα ∈ Aα+1}. We apply the functor T to
the short exact sequence (2) and taking into account the hypothesis
that T is trivial in any left ideal of Λ, (in particular with Λ itself),
we deduce that T (Aα/Aα+1) = 0, for all α ∈ Ω. Now, consider the
following short exact sequence:
0 // Aα+1
ια // Aα // Aα/Aα+1 // 0, ∀α ∈ Ω.
Applying the funtor T to the above sequence, we obtain the following
short exact sequence:
0 // T (Aα)
T (ια)// T (Aα+1),
for all α ∈ Ω. In particular, for α = 0 we get that 0→ T (A)→ T (A1).
Therefore, for each α, we have an injective map ρα : T (A)→ T (Aα+1),
defined recursively by ρα+1 = T (ια+1) ◦ ρα and ρ0 = T (ι0). Let ρ :
T (A) → lim←−T (Aα+1) be the map defined by ρ(x) = (ρα(x))α∈Ω, for
all x ∈ T (A). It is clear that ρ is injective. Observe that for each
α ∈ Ω, there is an injective Λ-homomorphism ψα : Aα+1 → Aα, defined
by ψα(x) = ψ
α+1
α (x), for all x ∈ Aα+1. This yields an injective Λ-
homomorphism ψ : lim←−T (Aα+1) → lim←−T (Aα), given by ψ((xα)α∈Ω) =
(ψα(x)α)α∈Ω. Then, lim←−T (Aα+1) = 0. Since T commutes with inverse
limits, we finally have T (A) = 0. 
Before to state the following result, we give a brief review of the con-
cepts and notation used in the sequel. It is a well-known result that
any Λ-module can be embedded into a exact sequence of the form:
0 // M // P // A // 0
with P a projective module (see [2], Thm. 2.3, Chapter I §2). Let T
be a one variable covariant functor. We define S1T (A) = Ker(T (M)→
T (P )). Now, let A′ and A modules and let g : A′ → A be a homomor-
phism. Consider the following diagram with exact rows:
(4) 0 // M ′
f ′

// P ′
f

// A′
g

ζ
// 0
0 // M // P // A // 0
The map g induces the maps f and f ′, such that (4) is commutative.
Furthermore, the map S1T (A
′) → S1T (A), induced by T (f
′), is inde-
pendent of the choice of f (see [2], Prop. 1.1, Chapter III §1). We
denote this map by S1T (g) : S1T (A
′) → S1T (A). This conclusions
FUNCTORS THAT COMMUTE WITH DIRECT AND INVERSE LIMITS 11
yield a covariant functor S1T , called the left satellite of T . This
definition of satellite may be iterated by setting:
Sn+1T = S1(SnT ), S0T = T.
Theorem 2.2.
(i) Let T be a one variable covariant half exact funtor. If T is of
the type LΣ∗ then S1T is of the type LΣ
∗.
(ii) Let T be a one variable covariant right exact funtor. If S1T is of
the type LΣ∗ and T commutes with direct limits of projective
modules, then T is of the type LΣ∗.
Proof. Let {Aα, ϕαβ} be a direct system of left Λ-modules over a directed
set Ω and let A = lim−→A
α. For each α ∈ Ω, there is a canonical map
σα : Aα → A, defined by σα(a) = cα(a) + N . In addition, A =
{cα(a) +N | a ∈ Aα, α ∈ Ω}.
For each α ∈ Ω, let P α be the free Λ-module generated by Aα, that is:
P α = {f : Aα → Λ | f(a) = 0, except for a finit number of a ∈ Aα}.
For each a ∈ Aα, we define an element eα(a) ∈ P α, by
eα(a)(b) =
{
0, if a 6= b,
1, if a = b.
Therefore, any f ∈ P α can be written as: f =
∑
a∈Aα
f(a)eα(a). This
shows that P α is a free Λ-module generated by eα(a), with a ∈ Aα,
that is P α = SpanΛ{e
α(a) | a ∈ Aα}. We extend the map ϕαβ to P
α
and P β by through:
φαβ : P
α −→ P β
f 7→
∑
a∈Aα
f(a)eβ(ϕαβ(a)).
It is straightforward to verify that φβγ ◦ φ
α
β = φ
α
γ , for all α ≤ β ≤ γ.
Then, {P α;φβα} is a direct system of free Λ-modules. Let q
α : P α → Aα
be the Λ-homomorphism defined by qα(eα(a)) = a, for all a ∈ A. Let
Mα = Ker(qα) and let ια : Mα → P α be the inclusion map. Then, we
have the following short exact sequence:
0 // Mα
ια // P α
qα
// Aα // 0
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It is straightforward to prove that the following diagram is commuta-
tive:
P α
qα

φαβ // P β
qβ

Aα
ϕαβ // Aβ
, qβ ◦ φαβ = ϕ
α
β ◦ q
α.
This implies that φαβ(M
α) ⊂Mβ . Let χαβ = φ
α
β |Mα : M
α →Mβ . Then,
{Mα;χαβ} is a direct system of Λ-modules. In addition, we obtain the
following commutative diagram with exact rows:
0 // Mα
χαβ

ια // P α
φαβ

qα
// Aα
ϕαβ

// 0
0 // Mβ
ιβ // P β
tβ // Aβ // 0
Let P be the free Λ-module generated by A, that is:
P = {f : A→ Λ | f(x) = 0, except for a finit number of x ∈ A}.
For any x ∈ A, let e(x) ∈ P be the element defined by e(x)(y) = δx,y,
for all y ∈ A. Then, any f ∈ P can be written as f =
∑
x∈A
f(x)e(x),
which shows that P is a free Λ-module generated by e(x), for x ∈ A;
that is P = SpanΛ{e(x) | x ∈ A}. Let q : P → A, be the Λ-
homomorphism defined by q(e(x)) = x, for all x ∈ A. Let M = Ker(q)
and let ι : M → P be the inclusion map. Then, we have the following
short exact sequence of Λ-modules:
0 // M
ι // P
q
// A // 0
For each α ∈ Ω, let τα : P α → P be the Λ-homomorphism defined
by τα(eα(a)) = e(σα(a)), for all a ∈ Aα. It is straightforward to
prove that τβ ◦ φαβ = τ
α, for all α ≤ β. Consider the canonical in-
jective Λ-homomorphism σαP : P
α → lim−→P
γ. Then, there exists a
Λ-homomorphism τ : lim−→P
α → P , given by the assignment:
τ(σαP (f)) = τ(c
α
P (f) +NP ) = τ
α(f), ∀f ∈ P α, ∀α ∈ Ω.
It is not difficult to prove that τ is an isomorphism. Observe that the
following diagram is commutative:
P α
τα

qα
// Aα
σαA

P
q
// A
σαA ◦ q
α = t ◦ τα, α ∈ Ω.
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This proves that if f ∈Mα = Ker(qα), then τα(f) ∈M = Ker(q). Let
θα = τα|Mα : M
α → M . Then, θβ ◦ χαβ = θ
α. Thus, there exists a
Λ-homomorphism θ : lim−→M
α →M , given by:
θ(σαM(f)) = θ(c
α
M(f) +NM) = θ
α(f), ∀f ∈Mα, ∀α ∈ Ω.
It is not difficult to prove that θ is an isomorphism. Therefore, we have
the following commutative diagram with exact rows:
0 // Mα
θα

ια // P α
τα

qα
// Aα
σαA

// 0
0 // M
ι // P
q
// A // 0
Consider the Λ1-modules S1T (A
α) = Ker(T (ια)) and S1T (A) = Ker(T (ι)),
arising from the left satellite of T , S1T . Then, {S1T (A
α);S1T (ϕ
α
β)} is
a direct system of Λ1-modules, where S1T (ϕ
α
β) : S1T (A
α)→ S1T (A
β),
is defined by S1T (ϕ
α
β)(x) = T (χ
α
β)(x), for all x ∈ S1T (A
α). Observe
that there exists a Λ1-homomorphism θ
α
: S1T (A
α) → S1T (A), given
by θ
α
(x) = T (θα)(x), for all x ∈ S1T (A
α). Since S1T (P ) = 0, for any
Λ-projective module, then we have the following commutative diagram
with exact rows:
0 // S1T (A
α)
θ
α

ια // T (Mα)
T (θα)

T (ια)
// T (P α)
T (τα)

T (qα)
// T (Aα)
T (σA
α)

0 // S1T (A)
ι // T (M)
T (ι)
// T (P )
T (q)
// T (A)
where ια : S1T (A
α) → T (Mα) and ι : S1T (A) → T (M) are the in-
clusion maps. Observe that we have the following direct systems of
Λ1-modules:
{T (Mα);T (χαβ)}, {T (P
α), T (φαβ)}, {T (A
α);T (ϕαβ).
The Λ1-homomorphism T (θ
α), T (τα) and T (σα), give place to the fol-
lowing Λ1-homomorphisms,:
θ̂ : lim−→T (M
α) −→ T (M)
cα(x) +N 7→ T (θα)(x)
τ̂ : lim−→T (P
α) −→ T (P )
cα(x) +N 7→ T (τα)(x)
and
σ̂ : lim−→T (A
α) −→ T (A)
cα(x) +N 7→ T (σα)(x).
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In such a way that we obtain the following commutative diagram with
exact rows:
(5)
0 // lim−→S1T (A
α)
θ

ρ
// lim−→T (M
α)
θ̂

η
// lim−→T (P
α)
τ̂

ζ
// lim−→T (A
α)
σ̂

0 // S1T (A)
ι // T (M)
T (ι)
// T (P )
T (q)
// T (A)
where ρ, η and ζ , are given by:
ρ : lim−→S1T (A
α) −→ lim−→T (M
α)
cα(x) +N 7→ cα(ια(x)) +N
η : lim−→T (M
α) −→ lim−→T (P
α)
cα(x) +N 7→ cα(T (ια)(x)) +N
and
ζ : lim−→T (P
α) −→ lim−→T (A
α)
cα(x) +N 7→ cα(T (qα)(x)) +N.
Now, we shall prove (i).
(i) By hipothesis, the vertical arrows θ̂, τ̂ and σ̂ are isomorphism, then
θ is an isomorphism, which proves our claim.
(ii) Since T is right exact, the diagram (5), takes the form:
0 // lim−→S1T (A
α)
θ

ρ
// lim−→T (M
α)
θ̂

η
// lim−→T (P
α)
τ̂

ζ
// lim−→T (A
α)
σ̂

// 0
0 // S1T (A)
ι // T (M)
T (ι)
// T (P )
T (q)
// T (A) // 0
By hypothesis, the vertical arrows θ and τ̂ are isomorphism, this implies
immediately that σ̂ is surjective and θ̂ is injective. Since {Aα;ϕαβ}
is an arbitrary direct system of Λ-modules, it follows that θ̂ is also
surjective, therefore θ̂ is an isomorphism, from it finally we get that σ̂
is an isomorphism.

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